In-Band and Inter-Band B(E2) Values within the Triaxial Projected Shell Model 
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The Triaxial Projected Shell Model (TPSM) has been successful in providing a microscopic de- 
scription of the energies of multi-phonon vibrational bands in deformed nuclei. We report here on 
an extension of the TPSM to allow, for the first time, calculations of B(E2) values connecting 7- 
and 77- vibrational bands and the ground state band. The method is applied to 166 > 168 Er. It is 
shown that most of the existing B(E2) data can be reproduced rather well, thus strongly support- 
ing the classification of these states as 7- vibrational states. However, significant differences between 
the data and the calculation are seen in those B(E2) values which involve odd-spin states of the 7- 
band. Understanding these discrepancies requires accurate experimental measurements and perhaps 
further improvements of the TPSM. 
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Recently two-phonon 77-vibrational bands have been 
identified in a number of nuclei Jl|-§] , where pronounced 
anharmonicities have been observed in the vibrational 
spectrum. A microscopic description of the energies and 
transition probabilities of two-phonon vibrational excita- 
tions remains a challenge to nuclear models. The Triax- 
ial Projected Shell Model j4|| is a new microscopic, fully 
quantum-mechanical mode with a unified treatment of 
the vibrational and rotational states. In the TPSM ap- 
proach, one introduces triaxiality in the deformed ba- 
sis and performs exactly three-dimensional angular mo- 
mentum projection Q. In this way, the deformed vac- 
uum state is much enriched by allowing all possible K- 
components. Diagonalization mixes these components, 
and various excited bands emerge || besides the ground 
state (g.s.) band (K = 0). The excited K = 2 band 
describes the one-phonon 7-vibrational band; and the 
excited band with K — 4 accounts for the two-phonon 
77-band. The observed anharmonicities in the energies 
of multi-phonon vibrational bands occur quite naturally 
from the TPSM without including additional ingredients 
in the model The TPSM has recently been applied 
also to the study of transition quadrupole moments in 
the g.s. bands of 7-soft nuclei and the magnetic dipolc 
properties of the 7-vibrational states However, in- 

band and inter-band E2-transitions, which are important 
quantities in supporting classification of states, have not 
been studied yet. 

The purpose of this paper is to report a new extension 
of the TPSM which allows the calculation of B{E2) val- 
ues for transitions connecting the g.s. band, the single 
7, and double 77 vibrational bands. We have searched 
the entire rare-earth region for experimental inter-band 
B(E2) values that allow a comparison with our calcu- 
lations. Data on absolute B(E2) values are sparse and 
only in few cases they are known for more than one or two 
members of the 7-band. In this paper we study B(E2) 
values for 16 6,i68g r ^ w j 1 i cn are the best cases. These nu- 
clei exhibit well established double-phonon excitations 



||||. 168 Er is one of the most extensively studied nuclei 
in this mass region with several measured B(E2) values 
for members of the 7-band || and 77-band [g) . 

In the TPSM, one calculates the 7-vibrational states by 
building a shell model space truncated in a triaxially de- 
formed basis. This is done by an exact three-dimensional 
angular-momentum projection of the 7-deformed Nilsson 
+ BCS basis |$). The Nilsson Hamiltonian is: 
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where Hq is the spherical single-particle Hamiltonian 
with inclusion of the appropriate spin-orbit forces param- 
eterized by Nilsson et al. jjj). The axial and the triaxial 
parts of the Nilsson potential in Eq. contain the pa- 
rameters e and e' respectively, which are related to the 
conventional triaxiality parameter by 7 = tan( — ). The 
rotational invariant two-body Hamiltonian 
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is diagonalized in the TPSM basis: 
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The solutions take the form 
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where a specifies the states with the same angular mo- 
mentum /. The strength of the monopole and quadrupole 
pairing forces is set by Gm an d Gq in Eq. (^|), where 



G 



" for protons and 
20.12, G 2 = 13.13 



: [Gi±G 2 ^] I A with " 4 
" — " for neutrons. We use G\ = 
and Gq = 0.16Gm, which are the same values used in 
previous calculations pPJio[]. The QQ-force strength x 
is determined such that it holds a self-consistent relation 
with the quadrupole deformation e pel. 
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Once the Hamiltonian is diagonalized in the TPSM 
basis, the eigenfunctions are used to calculate the electric 
quadrupole transition probabilities 



B(E2:(I i ,K i )^(I f ,K f )) 
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between an initial state (Ii,Ki) and a final states 
(If,Kf). The explicit expression for the reduced ma- 
trix element in the projected basis can be found in Ref. 
H . Note that we now use K instead of a to specify states 
with the same angular momentum /. According to Eq. 
(||), K is not a good quantum number. However, it has 
been shown that in these well-deformed nuclei, K- 
mixing is rather weak. Thus, we use K to denote bands 
keeping the familiar convention. In the calculation, we 
use the standard effective charges of 1.5e for protons and 
0.5e for neutrons. 

In the present calculation , the parameters e and e' are 
considered as adjustable. For the deformation parameter 
e the experimental value 0.320 is used, which means 
it is chosen such that the experimental value of B(E2 : 
2^ =0 — * 0^- =0 ) is approximately reproduced. In previous 
applications, the calculated deformation parameters fl2| | 
were used, which means in the present case e = 0.273. 
Besides giving a better scale for the B{E2) values, the 
use of the experimental e slightly better reproduces the 
energy levels |ll|. Except for the overall scale, B(E2) 
values are not very sensitive to the moderate changes 
of e, in particular the B(E2) values of the 7-vibrational 
states. The triaxiality parameter e' is chosen so that the 
calculated energy of the K = 2 band-head reproduces 
the measured value. For 168 Er, we find e' — 0.125. 

The experimental and calculated energies for 168 Er are 
compared in Fig. [j]. It can be seen that all the energy lev- 
els in the g.s. band, the 7-band, and the K = 4 77-band 
are well described within the TPSM. Without introduc- 
ing additional ingredients, the model gives anharmonic- 
ities in the energies of the 77 vibrational bands, which 
are bigger in comparison with experiment. 

The calculated B(E2) values from the TPSM are not 
far from the ones for a rotor coupled to a harmonic vibra- 
tor (see e.g. [|5|). This familiar limit is included in Fig. 
||, where the B{E2) values for transitions within the 7- 
band of 168 Er are compared with experimental data from 
Ref. Table I and Fig. | compare the complete 

set of B(E2) values. Except for some particular transi- 
tions that we shall discuss below, most of the theoretical 
B(E2) values appear to agree with the measured values. 
In general, the in-band transition probabilities are two 
order of magnitude stronger than the inter-band transi- 
tions. The B(E2) transitions from the 77-band are quite 
well reproduced in TPSM. 

There may be a discrepancy between the calculated 
and measured B{E2) values involving the odd-spin 3j~- =2 
state of the 7-band. For example, the experimental 
B(E2 : 3 



the calculated B(E2 : 3^- =2 — > 2^- =0 ) is 5 W.u., which is 
by an order of magnitude larger than the experimental 
lower limit of > 0.2 W.u. The B(E2 : 3^ =2 4+ =0 ) is 
also an order of magnitude off the limit. The experimen- 
tal values are lower limits because there is only an upper 
limit known for the lifetime of the 3^ =2 state. The 
3^_ 2 state is described as a rotational state built on a 7- 
vibration. Therefore all models that use this picture will 
give a large probability for the 3^ =2 — > 2^ =2 transition. 
Accordingly, the large experimental B(E2) value for the 
4i_ 2 — * 2^- =2 transition in the 7-band is very well de- 
scribed by the theory. Clearly a more accurate lifetime 
measurement of the 3^- =2 state 168 Er is desirable in or- 
der to settle the question, whether there is a discrepancy 
between theory and experiment for transitions involving 
the odd-spin states or not. 

One expects that collective levels with energies larger 
than the pairing gap 2A are to some extent mixed with 
the two-quasiparticle excitations. The present calcula- 
tions do not explicitly include excited quasiparticle con- 
figurations based on the 7-deformed basis. The experi- 
mental B(E2) values are well reproduced for states that 
are expected to weakly mix with two-quasiparticle exci- 
tations. The only exception is the 3^ =2 state, which 
is inconclusive. The states of the 77-band lie in the 
energy region where mixing with the two-quasiparticle 
states should become important. The calculated B(E2) 
value for the 4^- =4 
and the one for the 4 
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value is > 12 W.u. while the cal- 



culated value from the TPSM gives 408 W.u. Similarly, 



2j- =2 transition is about four times 
^ =4 — > 3^ =2 is about three times 
larger than in experiment. A substantial admixture of a 
two-quasiparticle states into the collective 77-vibration 
would reduce this B(E2) value. Such a mixing may also 
account for the deviation between the experimental and 
calculated energies of the 77-vibration. The other sig- 
nificant discrepancy is associated with the 8^- =2 level at 
1625 keV. The calculated B(E2 : 8^ =2 -> 6^ =2 ) is 323 
W.u., which is about 4.5 times larger than the measured 
value. At this excitation energy and angular momentum, 
single particle excitations are expected mix with the col- 
lective states, leading to crossing between collective and 
two-quasiparticle bands. The B(E2 : 8^ =2 — > 10^- =0 ) 
shown in Table | has a calculated value of 1.4 W.u. One 
would expect that the single particle effects will tend to 
further reduce this number, but the experimental value 
is 120 ±50 W.u. The reason for the increased collectivity 
is not clear. This is an indication that at high spins the 
7-band behaves differently from what is expected for a 
collective excitation. 

We also calculated energies and B(E2) values for 166 Er. 
Here, we use e = 0.324 |l) and e' = 0.126; all other pa- 
rameters are the same as for 168 Er. The experimental 
data for the g.s. band, 7-band energy, life times and in- 
tensities of the 7 transitions of interest are taken from 
Ref. [p| Jr8|. The data for the 77-band is taken from Ref. 
|| . Fig~g| and Tabic [j] show the level energies for the 
g.s., 7-, 77-bands, and the B(E2) values for 166 Er, re- 
spectively. 
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This calculation leads to the same conclusion as in the 
168 Er case: The TPSM describes the energies of the g.s. 
band and the 7-band well. The energies of the 77-band 
are reproduced quite well for 166 Er (see Fig. ||). In fact, 
one can argue that the 4^ =4 state wave function in 166 Er 
is more collective than in 168 Er because the B(E2)tpsm 
value of 12 W.u. is closer to the experimental one of 
7.4 W.u. For the transitions from the odd-spin states 
of the 7-band there is a similar inconclusive situation as 
in 168 Er. In 166 Er, only the upper limit on the lifetime of 
the 5^- =2 state is known experimentally. The calculated 
2 ) value is 223 W.u. while the exper- 
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imental limit is > 14 W.u. There is an order of magnitude 
difference between the theoretical B(E2 : 5^ =2 — > 4^- =0 ) 



6^-_ ) values and the experimental [ig] 



and B(E2 : 5J <=2 
limits. 

In conclusion, the Triaxial Projected Shell Model has 
been successful in describing the experimental level en- 
ergies for the g.s., the 7, and the 77-bands with their in- 
herent anharmonicities. We have calculated for the first 
time, B(E2) values for inter-band transitions between the 
g.s., 7-, and 77-bands in 16 6,i68jr; I .^ y[ os ^ f the calculated 
B(E2) values well agree with the available experimental 
data. Only lower limits for B(E2) values associated with 
the odd-spin members of the 7-band can be derived from 
the available data. More accurate lifetime measurements 
are necessary for a stringent test of the theory. The devia- 
tions between calculated and experimental B(E2) values 
seem to point to the inclusion of two-quasiparticle ad- 
mixtures in the collective excitations. Hence, it appears 
necessary to explicitly include excited quasi-particle con- 
figurations into the Triaxial Projected Shell Model in or- 
der to achieve an understanding of the nature of vibra- 
tional states in deformed nuclei where fragmentation of 
collectivity among quasiparticle excitations is expected 
to play an important role. 
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FIG. 1. The energies [g|8|lj of levels within the g.s., 7-, 
and 77-bands in 168 Er compared with those calculated within 
the TPSM as a function of spin I. 
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FIG. 2. Comparison of experimental in-band B(E2) values 
for the K* = 2+ 7-band with calculations of the TPSM and 
the RVM in 168 Er. The thickness of the arrows is proportional 
to the magnitude of the transition probabilities in W.u. 
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TABLE I. Comparison of all known experimental in-band 
and inter-band B(E2) values (associated errors in parenthe- 
sis) and calculated ones in W.u. for 168 Er. K=4+ lifetimes 
from Ref. J|, K=0+, and K=2+ lifetimes and B(E2) values 
from Ref. |H and all the references therein. 
* B(E2) value from Ref. (TJ; the calculated axial rotor value 
is 336 W.u. 

B(E2) values calculated from lifetimes in Ref. 
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FIG. 3. The energies |18| of levels within the g.s., 7-, and 
77-bands in 166 Er compared with calculated values from the 
TPSM as a function of spin I. . 



TABLE II. Comparison of all known experimental in-band 
and inter-band B(E2) values (associated errors in parenthe- 
sis) and calculated ones in W.u. for 166 Er. 
B exp (E2) is calculated as an upper limit assuming 100% E2. 
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